Background: The objective of the present study is to analyse the steady second-order slip flow and heat transfer of an incompressible viscous water-based nanofluid over a stretching/shrinking sheet both analytically and numerically. Methods: Using the scaling group transformations, a system of partial differential equations governing the flow and thermal fields is transformed into a system of ordinary differential equations. An exact solution to the momentum equation is obtained, and the solution of the energy equation is obtained in terms of a hypergeometric function for different water-based nanofluids containing Au, Ag, Cu, Al, Al
Background
Boundary-layer flow over a continuously stretching/ shrinking surface has many important applications in engineering processes. Some of these applications include polymer extrusion, drawing of plastic films and wires, glass fibre and paper production, manufacture of foods, crystal growing, liquid films in condensation process, etc. The flow induced by a moving boundary is important in extrusion processes. The permeable stretching/shrinking sheet is one such example, which has been studied with no slip regime or slip regime at the surface. Pioneering work in this area was conducted by Sakiadis (1961a, b, c) . Sakiadis analysed the boundary-layer assumptions and the governing equations of boundary-layer flow on a surface that is continuously stretching with a constant speed. When the fluid is particulate such as emulsions, suspensions, foams and polymer solutions, the no slip condition is inadequate. The problem of flow and heat transfer over a stretching/shrinking surface with slip regime has been investigated and discussed by many researchers (Wang 2009; Sahoo 2010; Miklavcic and Wang 2006; Fang, Zhang and Yao 2010; Abdul Hakeem et al. 2014) .
The slip velocity for rarefied gases flowing over a solid surface is the Maxwell (1879) slip condition and is widely implemented in current rarefied gas flow investigations. Based on Maxwell's first-order slip model, Thompson developed a second-order slip model, but many researchers reported that Thompson's model cannot predict the flow in high Knudsen number (Kn). Beskok and Karniadakis (1999) suggested an improved second-order slip condition. For more details, readers are encouraged to read the papers by Srikanth (1969) and Wu (2008) . Recently, Fang et al. (2010) considered the effects of the second-order slip on the flow of a shrinking sheet. The case of a stretching sheet was studied by Nandeppanavar et al. (2012) . Turkyilmazoglu (2013) analysed the second-order slip flow and heat transfer over a stretching/shrinking sheet with magnetic field effect.
Nanofluids or so-called smart fluids research have attracted considerable attention in recent years owing to their significant applications in engineering and technology. The broad range of current and future applications involving nanofluids has been given in the publications (Das et al. 2007; Wang and Mujumdar 2008a, b; Sheremet et al. 2015; Sheremet and Pop 2014; Zaimi et al. 2014) . Many recent studies on boundary-layer flow in nanofluids have been undertaken with the absence of slip effects (Khan and Pop 2010; Kuznetsov and Nield 2010; Gorder et al. 2010; Akyildiz et al. 2011; Hamad 2011; Rashidi and Erfani 2011; Vajravelu et al. 2011; Rashidi, Freidoonimehr et al. 2013; Govindaraju et al. 2014; Ganga et al. 2014; Rashidi,·Freidooni-mehr, N, Hosseini, A et al. 2013; Sheikholeslami and Ganji 2014; Hatami et al. 2014; Rashidi, Vishnu Ganesh et al. 2014; Rashidi, Momoniat et al. 2014; Garoosi et al. 2015; Freidoonimehr and Rashidi 2015) . Das (2012) obtained a numerical solution for convective heat transfer performance of nanofluids over a permeable stretching surface in the presence of a partial slip, thermal buoyancy and temperature-dependent internal heat generation or absorption. Turkyilmazoglu (2012) investigated the behaviour of fluid flow and thermal transport of some electrically conducting nanofluid over a permeable stretching/shrinking sheet for the nanoparticles Cu, Ag, CuO, Al 2 O 3 and TiO 2 with basic slip conditions. Noghrehabad and Pourrajab (2012) analysed the effect of a partial slip boundary condition on the flow and heat transfer of nanofluids past a stretching sheet for prescribed constant wall temperature. More recently, Ibrahim and Shankar (2013) studied the partial slip (first-order slip) and thermal slip effects on MHD boundary-layer flow and heat transfer of a nanofluid past a permeable stretching sheet.
Bearing this in mind, we analyse the steady laminar flow and heat transfer of an incompressible, viscous, water-based nanofluid over a stretching/shrinking sheet with secondorder slip for different nanoparticles such as Au, Ag, Cu, Al, Al 2 O 3 and TiO 2 both analytically and numerically.
The paper is divided up as follows: in section Formulation of the Problem, we derive a system of nonlinear partial differential equations modelling boundary-layer flow on a stretching/shrinking sheet with second-order slip. In section Solution for the Flow Field, we use a similarity transformation to reduce the system of partial differential equations to a system of ordinary differential equations. Analytical solutions for the velocity components are obtained in this section. An exact solution in terms of a hypergeometric function is obtained for the energy equation in section Solution for the Thermal Transport. Numerical solutions for the system are determined in section Numerical Method for Solution. Results are discussed in section Results and Discussion, and concluding remarks are made in section Conclusions.
Formulation of the problem
Consider the steady, two-dimensional laminar slip flow of an incompressible viscous water-based nanofluid over a continuously stretching or shrinking sheet coinciding with the plane y = 0, the flow being confined to y > 0 (see Fig. 1 ). The temperature at the stretching/shrinking surface takes the constant value T w , while the ambient value, attained as y , tends to infinity and takes the constant value T ∞ . The fluid is assumed to be a water-based nanofluid containing different types of nanoparticles: gold (Au), copper (Cu), silver (Ag), aluminium (Al), aluminium oxide (Al 2 O 3 ) and titanium oxide (TiO 2 ). It is also assumed that the base fluid and the nanoparticles are in thermal equilibrium and no slip occurs between them. The thermo physical properties of the nanofluid are considered as given in Table 1 . Under the above assumptions, the boundary-layer equations governing the flow and thermal fields can be written in dimensional form as
where x is the coordinate along the sheet, u is the velocity component in the x direction, y is the coordinate perpendicular to the sheet, v is the velocity component in the y direction, T is the local temperature of the fluid,
is the thermal diffusivity of the nanofluid, ρ nf is the effective density of the nanofluid, μ nf is the effective dynamic viscosity of the nanofluid and ρC p À Á nf is the heat capacitance and k nf is the thermal conductivity of the nanofluid are given as
Here, φ is the solid volume fraction. The boundary conditions are given by
where d = 1 denotes stretching and d = −1 denotes shrinking sheets, respectively. Parameter c is a constant and U slip is the slip velocity at the wall; v w is the wall mass transfer velocity. The slip velocity model (valid for arbitrary Knudsen numbers, K n ) (Nandeppanavar et al. 2012 ) is given by
where l ¼ min 1=K n ; 1 ½ ; α is the momentum accommodation coefficient with 0≤α≤1 and λ is the molecular mean free path. Based on the definition of l, it is noticed that for any given value of K n , we have 0≤l≤1. The molecular mean free path is always positive. Thus, we know that B < 0, and hence, the second term in right hand side of Eq. 5 is a positive number.
There are several applications that involve microscale devices including heat exchangers, micro-power system and sensor. The gas flow in micro channels classified into four flow regimes based on Knudsen (K n ) number (Beskok and Karniadakis 1994) as: (1) continuum flow regime (K n ≤ 0.001), (2) slip flow regime (0.001 ≤ K n ≤0.1), (3) transition flow regime (0.1 ≤ K n ≤ 10) and (4) free molecular flow regime (K n > 10). The Navier-Stokes equations are first-order accurate in K n number increases; so, most researchers insisted that the Navier-Stokes equations cannot govern slip flow in transition region with a second-order or higher-order slip model.
By introducing the stream function ψ, which is defined as u ¼ 
Equations 1-3 take the following form
∂ψ ∂y
where the boundary conditions in Eq. 4 become
where ρ f is the density of the pure fluid, ρC p À Á f is the specific heat parameter of the base fluid, k f is the thermal conductivity of the base fluid, ρ s is the density of the nanoparticles, ρC p À Á s is the specific heat parameter of the nanoparticles, k s is the thermal conductivity of the nanoparticles, Pr ¼
is the Prandtl number, γ is the first-order velocity slip parameter with 0 < γ ¼ A ffiffiffiffiffiffiffiffi ffi c=v f p and δ is the secondorder velocity slip parameter with 0 > δ ¼ Bc=v f :
Now, using the scaling group G of transformations, we get the scaling transformations as stated in (Hamad 2011; 
Solution for the flow field Now, substituting the similarity transformations (11) in Eq. 8, we get
and the corresponding boundary conditions are
where the primes denote the differentiation with respect to η. The exact solution to the differential Eq. 12 satisfying the boundary conditions (13) is obtained as
substituting Eq. 14 in Eq. 12 gives the following fourth-order algebraic equation for the characteristic parameter β
The velocity profile for both the stretching and shrinking surface is obtained as
The corresponding four roots of Eq. 15 are analytically expressed as Table 4 Comparison of −θ′(0) with d = 1, s = 0, γ = 0, δ = 0 and ϕ = 0 Table 2 Comparison of −F′′(0) for stretching sheet Fig. 2 a β-curves in stretching sheet case. Physically meaningful solutions correspond to β > 0. I corresponds to β in Eq. 17I, II corresponds to β in Eq. 17II, III corresponds to β in Eq. 17III, IV corresponds to β in Eq. 17IV. b β-curves in shrinking sheet case. Physically meaningful solutions correspond to β > 0. I corresponds to β in Eq. 17I, II corresponds to β in Eq. 17II, III corresponds to β in Eq. 17III, IV corresponds to β in Eq. 17IV
where
The non-dimensional velocity components are given by
The dimensional velocity components are given by a b Fig. 4 a Effects of first-order slip parameter and nanoparticle volume fraction parameter on F′(η) with s = 2, d = −1 and δ = −2 for shrinking sheet (upper branch solution). b Effects of first-order slip parameter and nanoparticle volume fraction parameter on F′(η) with s = 2, d = −1 and δ = −2 for shrinking sheet (lower branch solution) Fig. 3 Effects of first-order slip parameter and nanoparticle volume fraction parameter on F′(η) with s = 2, d = 1 and δ = −2 for stretching sheet u ¼ c x de
The shear stress at the stretching sheet characterized by the skin-friction coefficient C f , is given by
where Re x ¼ x u w x ð Þ=v f is the local Reynolds number based on the stretching/shrinking velocity u w x ð Þ and R e 1=2 x C f is the local skin-friction coefficient.
Solution for the thermal transport
Substituting the similarity transformations (11) into Eq. 9, we get
The primes in Eq. 21 denote differentiation with respect to η. Making the substitution ξ ¼ e −βη , Eq. 21 becomes
where the boundary conditions (22) are given by
The solution of Eq. 23 with the corresponding boundary conditions (24) in terms of η is given by where M is the hyper geometric function (Arfken 1985) defined by
The quantity of practical interest in this section is the Nusselt number, Nu x , defined as
is the local surface heat flux. Using Eq. 6 and Eq. 11, we obtain the following reduced Nusselt number
Numerical method for solution
The non-linear differential Eqs. 12 and 21 along with the boundary conditions (13) and (22) form a two-point boundary value problem and are solved using a shooting technique together with a fourth-order Runge-Kutta integration scheme by converting the non-linear differential equations into an initial value problem. In this method, we have to choose a suitable finite value of η → ∞, say η ∞ . We then have to solve the system of firstorder ordinary differential equations given by Fig. 7 a Effects of first-order slip parameter and nanoparticle volume fraction parameter on θ(η) with s = 2, δ = −2, d = 1 and Pr = 6.2 for stretching sheet. b Effects of first-order slip parameter and nanoparticle volume fraction parameter on θ(η) with s = 2, δ = −2, d = −1 and Pr = 6.2 for shrinking sheet (upper branch solution). c Effects of first-order slip parameter and nanoparticle volume fraction parameter on θ(η) with s = 2, δ = −2, d = −1 and Pr = 6.2 for shrinking sheet (lower branch solution)
with the initial conditions
To solve (29) with (30), we need the values for q 0 ð Þ, i.e., 
Results and discussion
In order to get the clear insight of the physical problem, results are discussed with the help of graphical illustrations. The effects of first-order slip parameter (γ) and second-order slip parameter (δ) with nanoparticle volume fraction parameter (φ) and Prandtl number (Pr) on velocity and temperature profiles are discussed for Auwater in both stretching and shrinking sheet cases. The range of nanoparticle volume fraction is taken as 0 to 0.2. The Prandtl number Pr of the base fluid (water) is kept constant at 6.2. The values of local skin-friction coefficient − F″(0) and reduced Nusselt number are tabulated for different nanofluids with nanoparticles Au, Ag, Cu, Al, Al 2 O 3 and TiO 2 . In order to verify present analytical and numerical results, we have compared shrinking sheet solutions β and − F″(0) values with those of (Turkyilmazoglu 2013) and − θ′(0) with (Wang 1989) in the absence of nanoparticle volume fraction parameter. The comparisons in the above cases are found to be in excellent agreement as shown in Tables 2, 3 and 4. Results for the solution β Figure 2a , b is plotted to discuss the nature of the solution β of the algebraic Eq. 15 in both stretching and shrinking sheet cases. It is observed that there is only one physically meaningful solution in the case of a stretching sheet (d = 1) with suction (s > 0), and this is not true for a stretching sheet with injection (s < 0), or for a shrinking sheet (d = −1) as discussed in which is valid for the present case also. Closely look at Fig. 2a , it is seen that the solution β decreases with the increase of γ and |δ| and it increases with φ. When comparing the solution domain with Fang et al. (2010) , it is clear from Fig. 2b that the critical values of s critical (γ, δ, φ) are located in the range 0 < s < 2 depending on the specific value of γ, δ and φ. When the suction parameter is less than s critical (γ, δ, φ), there is no physically valid solution for the problem. For the upper branch solution, the value of β increases with γ, |δ| and φ , and an opposite behaviour is noted for lower branch solution. It is very interesting to note that Fang et.al (2010) obtained the s critical point near s ≥ 1 with γ =3 and δ = −3 in the absence of φ (for ordinary fluid) but for nanofluids s critical lies between 0 and 1 with γ = 3 and δ = −3 . It may be concluded that the presence of nanoparticles decreases the value of s critical . Eq. 17IV gives a unique solution for the stretching sheet and upper branch solution for the shrinking sheet. The lower branch solution is obtained by either Eq. 17II or Eq. 17III which depends on the choice of physical parameters.
Results for velocity profile
The effects of the first-order slip parameter (γ) and nanoparticle volume fraction (φ) on the velocity profile F 0 η ð Þ of Au-water in the case of stretching sheet are shown in Fig. 3 with s = 2, d = 1 and δ ¼ −2. It is clear from the figure that the velocity component reduces with an increase in γ. The presence of nanoparticles in base fluid decreases the velocity component F′(η). The combined effect of γ and φ leads to the decrease of the momentum boundary-layer thickness. When slip occurs, the flow velocity near the sheet is no longer equal to the stretching velocity of the sheet. With the increase in γ, such slip velocity increases and consequently fluid velocity decreases because under the slip condition, the pulling of the stretching sheet can be only partly Table 6 Values of −F′′ (0) transmitted to the fluid. The presence of nanoparticles and the first-order slip lead to decrease the momentum boundary-layer thickness. Figure 4a , b depicts the effects of γ and φ on the velocity profile in the case of shrinking sheet. Velocity profiles for upper and lower branch solutions are shown in Fig. 4a , b, respectively. It is noted that an increase in γ and φ leads to increase the nanofluid velocity profile in upper branch solution case. The velocity component F ′(η) increases as γ increases for some values of η in lower branch solution case. As η rises, the increasing values of γ lead to decrease the velocity of Au-water. Increasing values of both the parameters γ and φ increase the velocity of Au-water in the case of upper branch solution. It is seen that the first-order slip and the nanoparticle volume fraction parameters have an opposite effect on the velocity profile of Au-water in the case of shrinking sheet upper branch solution compared to stretching sheet.
The effects of second-order slip parameter δ and nanoparticle volume fraction on F′(η) are shown in Fig. 5 in the case of stretching sheet. It is clear that the velocity profile decreases with an increase in |δ| and φ. The combined effect of both |δ| and φ affects the nanofluid velocity profile. Figure 6a , b is plotted for F′(η) for different values of δ and φ in the case of shrinking sheet. The velocity profile for upper branch solution and lower branch solution is presented in Fig. 6a , b, respectively. It is observed that the increasing values of both |δ| and φ lead to increase the velocity of the nanofluid in case of upper branch solution. The second-order slip parameter (|δ|) has the same effect as first-order slip parameter γ on nanofluid velocity in the case of lower branch solution. sheet, shrinking sheet upper and lower branch solutions, respectively. It is clear that from Fig. 7a , the temperature profile increases as φ and γ increase. The combined effect of these parameters increases the thermal boundarylayer thickness. The temperature increases as φ increases and decreases as γ increases in the case of shrinking sheet (upper and lower branch solutions [ Fig. 7b, c] ). It can be seen that the presence of first-order slip (γ) considerably decreases the temperature profile in case of shrinking sheet lower branch solution compared to upper branch solution.
Results for temperature profile
The effects of δ and φ on temperature profile of Au-water in case of stretching sheet, shrinking sheet upper and lower branch solutions are elucidated in Fig. 8a-c . It is noted that the temperature profile increases with the increasing values of φ and |δ| for stretching sheet (Fig. 8a) . The temperature profile decreases with the increasing values of |δ| and increases with the increase of φ in both upper and lower branch solutions (Fig. 8b, c) . It is observed that the second-order slip parameter (|δ|) increases the thermal boundary-layer thickness in the case of stretching sheet and decreases the thickness of the thermal boundary-layer in the case of shrinking sheet upper and lower branch solutions.
Results for local skin-friction coefficient and reduced Nusselt number
The values of −F 00 0 ð Þ for different nanofluids are presented in Tables 5, 6 and 7 for stretching sheet, shrinking sheet upper and lower branch solutions, respectively. On observation of these tables, it reveals that local skinfriction coefficient −F Tables 8, 9 and 10 for stretching sheet, shrinking sheet upper and lower branch solutions, respectively. It is clear from Table 8 that the reduced Nusselt number decreases with the increasing values of γ, |δ| and φ, and it increases as Pr increases in stretching sheet. In the case of shrinking sheet (both upper and lower branch), the reduced Nusselt number increases with γ, |δ| and Pr, and it decreases with φ. The reduced Nusselt number values are higher for TiO 2 -water and lower for Ag-water in the stretching sheet and shrinking sheet lower branch solution cases. TiO 2 -water has higher Nusselt number and Al-water has lower Nusselt number in the case of shrinking sheet upper branch solution.
Conclusions
An analysis has been carried out to study the heat transfer characteristics of a water-based nanofluid over a stretching/shrinking sheet with second-order slip flow model. The basic boundary-layer non-linear partial differential equations have been converted into a set of non-linear ordinary differential equations by using scaling transformations. An exact solution to the momentum equation is obtained and the solution of energy equation is obtained in terms of a hypergeometric function for different water-based nanofluids containing Au, Ag, Cu, Al, Al 2 O 3 and TiO 2 nanoparticles, and the analytical solutions are verified by the solutions obtained by the fourth-order Runge-Kutta with shooting method and the following results are obtained:
It is observed that there is only one physically meaningful solution in the case of a stretching sheet with suction, and this is not true for a stretching sheet with injection or for a shrinking sheet. Dual solutions are obtained in shrinking sheet beyond a suction critical point which are classified as upper and lower branch solutions. The presence of nanoparticles decreases the suction critical point.
Equation 17IV
gives a unique solution for the stretching sheet and upper branch solution for the shrinking sheet. The lower branch solution is obtained by either Eq. 17II or Eq. 17III which depends on the choice of physical parameters. The velocity profile of the nanofluid decreases with the increasing vales of first-order (γ) and secondorder slip (|δ|) parameters in stretching and shrinking sheet lower branch solution cases (for large values of η). The increasing values of first (γ) and second-order slip parameters (|δ|) increases the velocity profile in cases of shrinking sheet upper and lower branch solutions (for small values of η). The increasing values of nanoparticle volume fraction decrease the velocity components in stretching sheet and shrinking sheet lower branch solution and increase the velocity profile in shrinking sheet lower branch solution. The temperature profile of the nanofluid rises with the increasing values of first-order and second-order (|δ|) slip parameters in the stretching sheet case and reduces with the above-said parameters in shrinking sheet case. The increasing values of nanoparticle volume fraction parameter increase the temperature of the nanofluid in both stretching and shrinking sheets.
